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Expressions for intermolecular forces and torques, derived from pair potentials between rigid
non-spherical units, are presented. The aim isto give compact and clear expressions, which are
easily generalized, and which minimize the risk of error in writing molecular dynamics
simulation programs. It isanticipated that these expressions will be useful in the simulation of
liquid crystalline systems, and in coarse-grained modelling of macromolecules.
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1. Introduction

This paper isintended to clarify the way in which forces
and torques may be computed from an expression for
the pair potential between two, generally nonlinear,
molecules. These forces and torques are then typically
incorporated into molecular dynamics simulation pro-
grams [1..3]. The particular focus is on pair potentials
which are expressed directly as functions of the
molecular centre. centre vector and orientational vari-
ables such as Euler angles, quaternion (Euler) param-
eters, or rotation matrix elements. Some examples,
based on potentials used in the simulation of liquid
crystals and macromolecules, are given, but the inten-
tion is also to provide a formalism that is easly
generalized. The more common case of atomic site. site
potentials is not considered here. Several schemes exist
for systematically scoarse-grainings such atomistically
detailed interaction potentials, often by performing
simulations over relatively short times and “ tting either
coarse-grained pair distribution functions or aggregated
forces [4. 8], but thisis also not the focus of the present
paper. The aim isto streamline, and make more robust,
the process of analytically deriving forces and torques,
once the coarse-grained potentials have been deter-
mined, and parameterized in a standard way. Even with
the help of symbolic algebra packages, performing this
task is prone to error and may result in molecular
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dynamics code which is inef* cient, hard to understand,
and dif*cult to adapt. By the use of some examples,
based on spheroidal geometry, it is shown here that
standard vector and matrix notation helps to simplify
the formulae, leading to an improved insight into the
machinery of the potentials as well as giving a more
reliable route to the ssimulation code.

Consider two nonlinear molecules A and B, position
vectors ra, rg. D€' ne the intermolecular vector r %
rag Yara rg, distance r % jrj, and unit vector f%ar=r.
Specify the orientations by the orthogonal rotation
matrices &, B, which convert from space-" xed &yzpbto
molecule-“ xed (123) coordinates [9]:

1
aly alz

0 1 O
a1 alx
&Ys %azg Ya %&x a2y é&gy
& &

o 1 O 1
61 Alx t/)\1y k1/)\12
B Ya %62 g Ya %6\% t/)\Zy t/)\22
63 6\3>< k:/)\3y k:I)\3z

The rows of these matrices are the three molecule-* xed

orthonormal principal axis vectors &, Bm, mvvsl,2 3.

Note, that it is possible to write & ,, Y2, Yad, ,
Yax,y,z, without ambiguity.
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It isassumed that the pair potential may be written as
a function U % U&, & bpand that it is invariant to a
global rotation of the coordinates. Quite generally, the
forcef, on A dueto B will be the negative of the force
fg on B dueto A, so

qu
fA]/4 fB f]/4 a

Depending on the form of the potential it may be
possible to evaluate this derivative directly, or it may be
more convenient to separate the components along, and
perpendicular to, the line of centres:

f, MO U odt, AU Yy sy
arar ot ar ar aft

dlp

On the right,  constructs a dyadic matrix from two

vectors, and 1 is the unit 3 3 matrix. The torque
calculation follows Price et al. [10], with minor varia-
tions. Consider the negative of the derivative of U with
respect to rotation of molecule A through an angle

about any axis represented by a unit vector W. By
de* nition, this gives the corresponding component of
thetorque sa, and the chain rule may be used to express
thisin terms of the body-“xed unit vectors

W, X QY g, X o

.
R W . Gm

V/\\/ Sp Ya

an:

The last equation follows from the rotation formula [9]
for any vector ge=q YW e. Cyclic permutation of the
vectors in the scalar triple product then gives

X
W Sa Y W an Q.

m gém’

Choosing W to be each of the coordinate directions in
turn allows the identi“ cation of every component of the
torque, and the expression for sg is similar

X X

qu qu

Sa Ya & —, S Bn ——: @b
mo Gl m o OB

In the succeeding sections, more speci“ ¢ examples of the

above formulae will be given for particular choices of
pair potential U.

2. Scalar product potentials

A very common case, and a useful preamble for what
follows, iswhen the pair potential between A and B may
be written in the form [10]

U%ua,abpuUr, &, ¢, b, 1, &, b, : &b

Thisis a function of the centre. centre separation r, and
all possible scalar products of the unit vectors f, &,
and b,. It is manifestly invariant to a global rotation of
coordinates. The force may be written

e
qr
!
, Mo X QU gdn QU g fp
arar . 9@ P oor g, P ar
|
qu RO SR Ve
Y, p o 6 b
Yo m Oy f‘bampq(‘ﬁmﬁbm

The sum ranges over all the orientation vectors on both
molecules, &y, Bng The notation

Vv v & MY or & b

is short for the component of a vector v perpendicular
to f. The derivatives of the potential appearing in
equation (4) are easly evaluated, assuming that it
has the general form of equation (3). The torque
calculation once more follows Price et al. [10].
The derivative of U with respect to rotation of
molecule A through an angle about an axis W takes
the form

X qu & &P
n a8 anP g

X qu o &P
m G0, &np

All combinations of unit vectors for which one, &,
rotates with the molecule while the other, f or By,
remains stationary, appear on the right. The
rotation formula in this case gives q& &nbq Y
¢ W &% W ¢ &, and once again W may be
chosen arbitrarily. The explicit result for molecules
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A and B is
X X
qu qu
Sa ¥ & &b  ———— &, bk &Hap
" ’ m qam r‘p mn qmm 6np !
X X
qu qu
Sg Va & bbp ———&, b,p dbp
gy g ByP )

Note that the combination of equations (4), (5a)
and (5b) gives

sapbsspr f¥%0: fa 3]=)

This is the expression of local angular momentum
conservation, which follows directly from the invariance
of the potential energy, equation (3), to a rotation of all
the vectors f, &, and B, together.

3. Biaxial Gay.Berne, and related, potentials

Theoriginal Gay. Berne family of potentials [11..14] was
developed for molecules having the symmetry, and
approximate shape, of uniaxial elipsoids. They have
now been generalized to include biaxiality [15..18].
The general form is[17]

Uge ¥ ", 8, BB, &, B, AJgped, & 4,00

Here, the two " terms represent orientation-dependent
strength factors, raised to powers , which character-
ize different variants of the model. The last term roughly
de nes the molecular shape, via an orientation depen-
dent distance function  which will be discussed in
more detail below. Ugge typically is based on a
Lennard. Jones 12-6 potential

12 6

Ushaped, P¥2 4" T , orp

r

although, as shall be seen, this has been re'ned
somewhat. The Gay.Berne potentials have been exten-
sively used to model small organic molecules[19. 21] and
liquid crystalline systems [22, 23]; linked Gay.Berne
units may also be used in the coarse-grained modelling
of polymer chains, including biological macromole-
cules [4, 24].

For illustrative purposes here, attention will focus on
the eshapes term above, and the energy-dependent "
terms will be taken to be constants. (Their contributions
to forces and torques may be straightforwardly included
using similar methods). It is, therefore, assumed that the

potential may be written
U%Ug, & 40k &b

Therelation between the Gay. Berne distance function
and the geometry of ellipsoids has been clari“ed by
Perram et al. [25.27]. D€' ne the matrices

X X
AYs 228, 8nY%  an  am
m m
X X @b
BY% b2 Bn¥% bm bm
m m

(but notethat our A isA !in [27]). Here the a,, and by,
are semi-axis lengths of the dllipsoidal particles, and
these have been used to de* ne the un-normalized semi-
axis vectors an ¥4 aném, etc. These matrices may also be
written in terms of the rotation matrices de‘ned
earlier [15]

X X
A Vs  ai8n &n Vs  amdy mdn &
m mn
X aop

Ya =y m@m mnanl'én :

mn

De‘ne the diagonal shape matrix S % diagday, ap, a3k
and the matrix a¥sS& whose rows are the un-
normalized semi-axis vectors an, i.e. Y&, Y44y Y
an Yaam@n , m¥1,2 3. Thisgives

AV, A'SPAvsa’a: aip

Recall that the rotation matrix is orthogonal, &"4 ¥4
44" ¥4 1, whereas this is not true for a.

The diameter is de'ned through the following
equations [15, 16, 27]:
V1= .,
. Y 21/4%6 ApBplp %r\ HY A alzab
where
HY%AD B: a2bb

All of the & and b dependence lies within the matrix
inverseH ! whileall the f dependenceliesoutsideit. It is
comparatively easy, though cumbersome, to evaluatethe
matrix inverse in a suitable form, perform the scalar
products with f explicitly, and use equations (4) and (5)
for the forces and torques [15, 16, 28]. The following
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alternative approach was suggested by Perram et al. [27],
and leads to more compact expressions based on
equations (1) and (2).

3.1. Scaled potential

First consider the special class of potentials for
which [27]

r2
U¥%U ——~ %U3 R asp
2%, 4,bp
where
RPN L 1 1 1
Gt Ve Vasr AP BPT 1 Sr H T d4b

The simple form (7) is an example. This form of
potential is simple to implement, but it does have the
disadvantage that the length scale is entirely determined
by ; hence, a Lennard.Jones form will have an
attractive range which is proportional to the repulsive
diameter at any given orientation of molecules, which
may be unphysical. The shifted form of the potential
(see section 3.2) was introduced by Gay and Berne [14]
to addressthisfault. On the other hand, in certain cases,
e.g. for rapidly varying, completely repulsive potentials,
this may not be so much a problem.

Following [27], de" ne an auxiliary vector j by solving
the equations

Hj %r, jwuH asb

In what follows, there is no need to fully evaluate H .
In terms of |

vesr j, 4

L vH ! rvj;
> ar 4 4]

This last formula gives the interparticle force from

duq du.
1 L Y — deb
fYa d o Ya d j

To obtain the torque, write

X X
qu qu
Sa V. =y, =
A B A
X aa7p
du q
1y, — a4
4 d . am 9

The evaluation of q =ga,, proceeds as follows:

1
q l/4}r aH r Ya }r H lﬂH Ty
Jam 2 0gam 2
1. gA .
Ve Zj —
4 2] % J

The de*nition of A implies gA=gan, Y4& amp
an €, wheeé, YiXx,y,z is the appropriate unit
vector in the space-“ xed Cartesian coordinate system.
Therefore

g am ¥4 § anP ) q an¥% 4 anh:

Combining with equation (17), and applying a similar
formula to molecule B, gives the torques

X
SA%S—U 4 amka, jb1/4g—ud A jb d8ap
m

X
381/43—“ J bt jb%j—uéj B jbp a8bp
m

These equations are essentially those of Perram
et al. [27]. Using equation (16), it is possible to write
them in the form

Sa Ya J A fYarca %d&c rab f, dl9ab
Sg Ya J B f]/4rCB o) fb1/46C rgb o0 fh dobb

where rc is de* ned by

rcYara A j Yarab rca &0ab
J/zerb B j 1/4er I'ce &0bb

(see appendix A). The physical interpretation of this is
that the intermolecular force may be taken to act at
the econtact pointe rc, and the torques about the
molecular centres are then given by the usual moment
formulae. Conservation of angular momentum follows
immediately since spp Sg % d&ca fcgP f% rag
f¥% r f.

It is illuminating to consider the case of identical
uniaxial particles. Suppose the orientation of both
particles is de‘ned by unit vectors &s;, b; along the
3-direction, and that the semiaxesare given by a; ¥ by %
a, Yaby 119-?, ag Yabs Yae. Then, the orthonormality
relation | &n &n ¥ 1 allowsthe orientation matrices
to be written in terms of &; and 63 alone:

AYie21b 82 +2H:; &,BYe21p &2 <2H; b,
HY%AD BY2:21b 82 «2HA; &b b bk
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Inverting such a matrix is a standard exercise. Oneroute
is to observe that the orthonormal eigenvectors and
eigenvalues are [16]

) 1/4&,

28 a; bsp
&YVal &, Y23

32p +2b &2 iR b,

Then both H and its inverse may be expressed as sums:

X
HY  nén @0 % ol

m

pbdp, o é&pod o é,

X
H 1y, mém @Y% o'1pd,t [ 'H &

m

ba 1 e e,

where the orthonormality property ? mém  En¥1has
been used.
It is convenient to de‘ne the elongation parameter
Va2 3p3Zp 3R sothat 1 Ya2e3=32p <3P
also scalar products of the relevant unit vectors:
CaYaly P, Co¥%by A CpY¥8 by and to st
¢ Y4 Cg. Then

H11/42.1% 1 glaa &p b B
c& 63pﬁ3 &b
(
Lo & p bsp &b bsb
23 2 1p

B Db & 63p)

p=—F— ,

which gives the standard form [12] for identical uniaxial
particles

&b oP & of
2 1p ¢~ 1 ¢

Zl/%r\ HYra o2 1

with awidth parameter o % 2+, . The auxiliary vector is

jvaH 1r
h

Vi P &,

i
2.2. ] 2 cthF3 b cCa 3

The position vector of the scontact pointe rc may be
written

1
e 1/4§&A p rgP

1 h i
5 r 1 2 &, cCoFs cCaI:SS .
c

Having chosen the form of U( ), these last two
equations make it easy to calculate forces and torques
through equations (16) and (19).

3.2. Shifted potential

The shape-dependent part of the Gay.Berne poten-
tial [14] does not have the simple form of equation (13),
but uses the more general equation (8), with the
de‘nition of  given in equation (12b). This means
that the potential is not a function of the single variable
Yar?= 2, but instead depends on both r and
(or » ¥4 2) separately, typically through the shifted
form

r
%Y

4p min ®1b

min

where in IS a constant. De‘ne as before
jvaH ' r e vid=20 H! ruLdE=20 1P j, 0

%%H opvar Y

This gives the interparticle force

fy, Mp 2V 5 0

ar g af ®2b
v, Y rzqulj’z §

ar qr

The torque derivation proceeds exactly as before, and
the results are

sA1/4r2(;—l.Ja A jbk 531/4r22—?<’j B jk
®3p

Identifying part of the force f ¥ r 2@mU=ge b, these
equations may be written

Sp Ya J A f Yarca f,

&4b
Sg Va j B f Yarce ofk
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where rc is given by equation (20) as before. Angular
momentum conservation follows directly, sincef f is
parallel tof, sor f¥r f.

As an example, consider the repulsive potential

402 %%pp "y, W< 2

U v
) %> 2,

fous!)

with % given by eguation (21) and given by
equation (12b). It is sensible to set min to be the
minimum value of over all relative orientations.
The potential then takes a constant value U ¥4p"g
when r! , for any orientation, and diverges as
r! min- For example, for the identical uniaxial
particles of the previous section, min %4 o Y42+, for the
prolate case ¢y > ¢,, corresponding to side-by-side
arrangements of the particles; but i % 2¢y for oblate,
disk-like, shapes, corresponding to the face-to-face
orientation [29]. In the general case, equation (12b)
shows that if the minimum particle dimensions are
Amin Y4 minday, ag, azR bmin ¥4 minddy, by, b3k then

r%in Y 2H min 1/“zaarznin p bﬁwinp

The geometrically correct value for spheroids would be
min ¥4 @min P bmin but this distance function does not
faithfully represent the geometry of spheroids[27]. Then

0/ 0/, 13 [y, 7p 3
w, qad o Z6T %P7
ge q%q de 2 min

Also

0, 0/, 13 o7
W, W oy, BT %P
ar q%qr min

From these two expressions, together with
equations (22).(24), the forces and torques may be
easly calculated.

The above equations generalize simply to the case of
the full Gay.Berne potential, where the orientation-
dependent energy functions ", and ", are included [17].
When the Lennard. .Jones form (25) is not truncated, the
limiting long-range form is proportional to r °, asmight
be expected. However, a well-known criticism of the
potential is that the full orientation-dependence is
preserved at long range, whereas the van der Waals
attractions in real molecules become isotropic at long
range. It should be noted that Everaers and Ejtehadi [30]
have derived a coarse-grained biaxial potential, called
the RE-squared model, using Hamaker theory from
colloid science. The result has features in common with

the biaxial Gay. Berne potential, but also hasthe correct
long-distance form. Babadi et al. [31] have shown how
to parametrize the RE-squared model using atomistic
representations of small molecules. Forces and torques
may be derived from this potential in a way analogous
to that described above.

4. Gaussian potential

Some years ago, Smith and Singer [32] proposed an
extension of the approach of Berne and Pechukas [12],
which they incorporated into the CCP5 Library
program MDZOID. Each molecule is represented by
a normalized Gaussian distribution of particle density,
centred at rp and rg, characterized by matrices A and B:

A&b%p;exp 15 AP AL & rab, @6ap
8p3jAj 2

B&D%p;exp 15 rePB 1 & rgb, &6bb
8p%Bj 2

where j | is the determinant of a matrix. The
interaction between volume elements dr,, dr, at r; and
Iy, respectively, isrepresented as a Gaussian function of
their separation

}jra rbjzz"2 dradry,

ud, rpbdradr, % Ce Sexp 5

&7p

characterized by a range parameter « and a strength
parameter C (with units of energy multiplied by
volume). (More generally, Smith and Singer [32] sug-
gested “ tting a desired atom. atom potential with a sum
of such Gaussians, with positive or negative coef*-
cients). The potential energy between molecules A and B
is obtained by integrating ud, rpPover the density
distributions adaPand gdpb the integrals may be
performed analytically (see appendix B) and theresult is,
with r ¥%rag,

U%CjH] P’expd B ®8ab
with
Hv:+?1p Ap B, &®8bb

and

1/4%r &%1p Ap Bp? r%%r H!'r &8k
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In the limit «! 0, H and  reduce to the de" nitions
(12c), (14) seen before. This potential belongs to the
class of ecore-softenede potentials, which have recently
attracted attention in condensed matter physics. The
interaction between polymer coils at low concentration,
for instance, is well represented by a (spherically
symmetric) Gaussian potential [33].

The forces are derived exactly as for the scaled
potential, section 3.1:

g—uz—r% Yyt rUH t rwuj, ®op

q

f Y

with j ¥aH ' r as before. The torques have contribu-
tions from the dependence of U on both ( and jHj.
The ( contributions are given by

SA1/4 j A f1/4qA f,
Sg Ya j B f1/4qB o fk

which are equations (19), with rca! gqa % A |,
rce! Qg ¥%B j.Thereason for the changein notation
is that these equations do not de ne a contact point r¢
as before in equations (20), because the new de" nition
of H gives

rbda G 1/4'2j ) 80P

rather than zero. Using the expression dal=25Hj !

&jHj=gamP¥%sH * an  (see  appendix B), the
jHj-dependent termsin s give
X T X -
q—ﬂ. ql—HJ%%jHj o a, IH
o B S W gip

U  an H?! an

m

With the use of the Levi. Civitatensor the“nal results
may be expressed as

X
sa%uU  an HY anpagy f

m

“U :H !Apagy f, &82ap

X
ss¥%U by, H? b, gz f

m

“%U :H Bpogg 0 fPk 82bb

Smith and Singer [32] obtained the same result, by a
different method and written in a different form

(see appendix B). Once more, angular momentum
conservation follows straightforwardly:

sapsspr f¥%U :HApBbh&pagy, b f
YU 8 «2H 'Bp «F f,

using equation (30). Thetensor 1 «2H ! is symmetric,
so the double contraction with  gives zero, and f %2 Uj ,
s0 the last cross product also gives zero.

5. Ellipsoid contact potential

As mentioned in section 3.2, the distance function
appearing in the Gay. Berne and related potentials does
not correctly represent the geometry of elipsoidal
particles. Formulaere” ecting the true ellipsoid geometry
were set out by Perram et al. [27]. The distance function
takes the more general form

Yy 2y, P 3Ap BP' P rGtr &3P
where p %21 The matrix
G¥% Ap B &B4p

plays a similar role to H in the previous sections;
the case Ya Y% d=2b corresponds to the standard
Gay.Berne, or Gaussian overlap, de' nition of diameter
seen earlier, and in this case G ¥4 dl=2kH. The strues
ellipsoid geometry corresponds to the case where

Y2dl  Phasbeen chosen to maximizee«, i.e. minimize
. This procedure is carried out numerically in the
simulation.

The escaled potentiale analogous to equation (13),

U % U&= 28 4 bpvaUd b
where

r Gt
aB5p

Yar?e v4r?= 2y, r 3Ap Bblr

is termed an elipsoid contact potential [27]. The forces
and torques are derived in a manner analogous to that
of section 3.1. De" nean auxiliary vector k by solving the
equations

G k¥r, k%G1t &B6b
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In terms of k

Ya 1 K, &7p

?q—rwz Glru2 k &8b

This last formula will give the interparticle force from

fy, VA, dU, &B9b
d or d

Thederivation of torquesfollowsthe pattern of previous
sections. The results are

X
& ankFa, kb

Sa 1/4d—Uz 2
d m

1/42—Uz 2& A kb &#0ab
X
ssl/4d—U2 2 & bykb, kb
d m
1/43—U2 % B kb &#0bb

Once again these may be written

Sp Ya k A fYrca f, HAlab
Sg Ya k B fVircg o fR 1bp

where r¢ is now de* ned by

Ic Yarp A k]/4er B k o2

(see appendix A). Conservation of angular momentum
follows immediately. One “nal point [27]: the above
derivatives take no account of the variation of , as
the particles are moved; but these extra terms
vanish because the relevant functions have been
minimized/maximized with respect to variations of
these parameters.

The corresponding formulae for more general (for
example, shifted) potentials based on true elipsoid
geometry are

ey, PG PAY 1l Kk, #3p
%1/42 G rv2 1 lk: a4p

The forces and torques are

e Tp Ml 5 o gy
a o gt
v Yo VP2 5 & mp  asap
a oo
2 2 X
SA1/4£ 5 & anHm, kb
e 7o,
2
w2~ 4 A Ky &5bb
g r?
u2 2X
SB ]/Al?:]—.r—z a( bml-'&)m kp
m
2
w2 "4 B ke &5ch
Qe r?

| dentifying part of theforcef, ¥4 &U=ge B2 =tk the
torques become

sa¥a Kk A f VYarca fy, &l6ab
S Y k B fk Ya I'ce 0 fkp, A6bp

and, since f f, is paralle to f, angular momentum
conservation follows as before.

A modi“cation of the ellipsoid contact potential,
based on the surface. surface distance calculated along a
vector parallel to the line of centres, has recently been
proposed [34]. Analytical formulae for the forces and
torques are given in that paper.

6. Conclusions

In the preceding sections it has been shown how
compact expressions for forces and torques may be
derived for pairwise intermolecular potentials which are
written as functions of the molecular orientation
matrices and the centre.centre vector. lllustrations
have been given for various members of the sextended
Gay.Berne familye; in particular, for the Gaussian
potential of Smith and Singer [32], much simpler
expressions for the torques may be obtained in thisway.

The above expressions for forces and torques may be
used in molecular dynamics simulations, as well as
hybrid Monte Carlo simulations or other applications.
They may be sraightforwardly combined with
symplectic and reversible integration algorithms [35]
based either on quaternion parameter representations of
the rigid-body orientations, or on the rotation matrix
itself [36..38].
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Appendix A: The Contact function

This appendix recalls the relations leading to the
de nition of the scontact pointe of equation (42), and
the link with the Berne. Pechukas distance parameter.
The following function has a unique minimum as
r variesfor “xed and %1 [25, 26]:

& , b & raPALT & rab

A1b
b & rgpB' & rgb

The location of this minimum, r % rc, satis‘ es

1

vy Al & rabp B! &c rgh%0:
2 ar rYarc

AA2b

The de’ nition G Kk Yarag ¥ar, equation (36), with G ¥4
Ab B, equation (34), leads to an expression for rc

rvaG kva A kp B k¥ida rcbb a'c rsk
where
rc Yarp A kl/AI'Bp B Kk,

which satis‘es equation (A2). The value at the
minimum is

jr1/4rc Ya (‘}C rADB kpb a'c rgbékb
Yy rk¥% rG?tr ,

as de' ned in equation (37). Having identi“ed rc and (
the function  may be re-written

& , bud& rcbdAlp Blpad rehh
A3p

as may be checked by expanding and comparing
coef” cients.
The corresponding equations for the case %
Y, d=2b are conveniently written with the de€"ni-
tions H j Yarag Yar, equation (15), H¥2Ap B,

equation (12c),

1
arb1/4§ar rAbA L & rab

1
b Ea rePB 1 & rgh A4p
rvaH j YaA j p B ]
Ya&rp rcbb dc rgh AA5P
I'c Yara A J ]/4er B j, AA6P
. 1 . 1
e Va5t § Yagr H Loy , A7b

8!31/4%8 rcb® pbBPa& rcbp : BA8P

The generalized Berne.Pechukas overlap function is
computed in terms of the two-centre Gaussian overlap
integral

Z
| Y% dr A(’i rabpd rgb
Z
1 expd b
8p3" jAjjBj 8p3" jA Db Bj
A9b

where the densities 5, g, are de’ ned in equations (26)
and the function &P is de'ned in eguation (A4).
The last step is carried out either by using Fourier
transforms [15] or by re-writing &bin the form of
equation (A8) and shifting the origin to rc [27]; is
de’ ned in equation (A7). In practice, the Gaussian form
of equation (A9) is not commonly used as a potential
in simulations; instead, the function is extracted
from it, used to de'ne a range parameter , through
Y, =2 and V1= s, equations (12) of the text,
and this range parameter is used in a variety of
potentials.

Appendix B: The Gaussian potential

The Gaussian potential of Smith and Singer [32] is
computed in terms of the double integral

ZZ
UYa dra drb A&a rabp Ba’b eraa b

where ud, rpPis de'ned by equation (27). The two
integrals are carried out successively: each has
the same two-centre form as equation (A9), so they
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are straightforward. The result is

1
SrHY o,

U %CjHj Pexp 5

where

rvran rg and HYe?1p Ap B,

and this is equation (28) of the main text. Smith and
Singer derived an expression for the torque arising from
the Gaussian potential, from “rst principles, treating
ud, rpbasasite.sitepotential and integratingra, fgp
over the density distributions. In the notation of
section 4, their result for the torque on A is

sa ¥ ®%1pBb' &, rpgs ogap A AH AR

v, H Ap! 14, & AHPrpd AH MU,

B1p

wherethede'nitiongy % A j % AH ! risused to
simplify. Smith and Singer de nethe operation to give
a vector from two matrices A BR Y4 jAiBj (note
the conventional summation over all three repeated
indices i, j and I). This may be recognized as a double
contraction of the Levi.Civita tensor  with a matrix
product:

A BY% :ABTv :BAT:

Using this, and noting that
H Ap'd AH 'PYudH AP'H A 'wH Y
equation (B1) simpli“ es considerably:

sava cH*r gipH'ARY 1§ gy b H AR
Yadyy j b :H 'ARJ:

This is equation (32a) of the main text.

In the derivation of equation (31), it is necessary to
obtain the derivative of jHj with respect to a component
of one of the rotation matrices. Use

ng Hgy ng Hxx Hxy Hxz
jH°% Hyx Hy Hy, b HY HS HY,
Hx Hzy Hy Hx Hzy Hy

Hyx Hxy Hyx

b Hyx Hyy Hy .

HS HY HS,

P
Here, H Y2 p
gH =gam % xam p xam . Hence

. 28m amy Am
%::(1/4 Hyx Hyy Hy,
Hx Hzy Hy
Hxx Hxy Hxz
b aw O 0
Hx Hzy Hz
Hxx Hxy Hxz
b ny Hyy Hyz
Amz 0 0
Hyy Hy; ) Hyy Hyxz

Vi 2amx y
Hy Hy

zy Hz,

H Xy H Xz
b 2ay, ,
yy H yz

using the fact that H is symmetric. Moreover, each
(signed) 2 2 determinant here is an element of the
(signed) cofactor matrix, the transpose of which isH !
multiplied by jHj. This allows the desired derivative to
be written

QjHj%ZjHanmlbil b an¥ * b am¥ ' 4P
an X xx P @my yx P @mz =P

X

Collecting together results for all the components gives

%jHj 1%%% HwuH ! ay

Thisis used in the derivation of equation (31).
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